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ALEXANDROS ORATIS
ABSTRACT
Most of us are familiar with stretching and shooting rubber bands. However, it
is not immediately obvious to state which side of the rubber band will hit a prede-
termined target first. When a rubber band is stretched and suddenly released an
axial stress wave propagates towards the end it is divides the rubber band into a
stretched and relaxed area. As the wave reaches the end it reflects and causes a
compression wave that propagates backwards causing dynamic buckling if the length
of the compressed area is larger than the Euler critical length. If the elastic became
unconstrained in a similar manner to shooting rubber bands, it is unknown whether
buckling would occur and how it would affect the trajectory of the elastic.
Using high speed photography we find dynamic buckling occurs when shooting
rubber bands. Using a Neo-Hookean model for the rubber band we find that the
wavelength is proportional to the thickness and the square root of the inverse stretch
ratio. Moreover, we analyze the trajectory of the rubber band when shot by devel-
oping a model of the front and back speeds using the propagation of stress waves
in rubber. We conclude that the both front and back speeds are proportional to a
fraction of the speed of sound in the material based on the amount of stretching.
Using the front and back speed scaling we show that our analysis is valid only for
short time scales since at larger time scales the effects of the rubber band curvature
and the rotation applied when launched tend to dominate.
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1Chapter 1
Introduction
Most of us have had the experience of stretching a rubber band and then releasing
as a catapult. However, if we set a target and pose the question of which side of the
rubber band will hit that target first the answer will not be obvious. Fig. 1·1 shows
the path of the rubber band stretched at different lengths.
Figure 1·1: Left: Series of images of rubber band position at low
stretching (∆L = 0.1cm). Right: Series of images of rubber band
larger stretching (∆L = 3.8 cm).
2At low stretching the back has reached the front while at the larger stretch the
back is still trailing. It is interesting to not that the front begins to move before the
back has hit it, as one might not immediately expect. On the other hand, if we take
a rubber band with different geometry but same length and stretch it to about the
same amount the back will catch the front at a much smaller distance as portrayed
in Fig. 1·2.
Figure 1·2: Left: Series of images of rubber band with smaller cross
section of A = 0.02 cm2. Right: Series of images of rubber with larger
cross section of A = 0.23 cm2.
3A back of the envelope calculation for the speed of the rubber band would involve
equating the potential energy U = k∆L2/2,(where stands as k = EA/L for the tensile
stiffness) to the kinetic energy K = mv2/2. Doing this for the cases in Fig. 1·1 the
low strain rubber band velocity gives 2.8 m/s while the large strain gives 28 m/s. The
computation for the rubber band with the different geometry gives 16.8 m/s. The
actual measured speeds of the center of mass of each case are 2.7 m/s, 14.5 m/s and
8.5 m/s respectively which is very close for a rough approximation. However, this
calculation does not tell us anything about the relative speeds of the back and front
of the rubber band.
Given these three examples of rubber band flights, it is not easy to predict which
side will hit first. If we rotate the view by 90 degrees we find waves propagating along
the rubber band causing it to bend, which could be considered as dynamic buckling.
The propagation of waves is shown in Fig. 1·3
Figure 1·3: Top view of rubber band during launching mechanism.
Propagation of waves as the rubber band is launched
Buckling is an important factor to consider when designing structures since a large
4axial compressive force could lead to vital damage of the structure. When a static
compressive axial load is applied to a rod it will bend. Based on the length of the
rod and its boundary conditions, Euler derived a critical load that will cause the rod
to buckle. This case of static axial load can be seen in Fig. 1·4 (a) in which the bent
shape of the rod buckles to a half wavelength.
Figure 1·4: (a) Conceptual bending shape under static axial load.
(b) Conceptual bending shape under impact load leading to dynamic
buckling
However, if a compressive force much larger than the Euler critical load is suddenly
applied to the rod and then released, a much different mode of buckling will occur.
Fig. 1·4(b) shows a cartoon schematic of such bending modes. The axial stress wave
due to the impact propagates through the rod causing it to compress at much shorter
buckling wavelengths.
Lindberg studied the effect of axial stress waves on dynamic buckling of thin bars
and compared analytical and experimental buckling wavelengths (Lindberg, 1965).
Lepik developed a numerical model on dynamic buckling of elastic-plastic beams and
verified Lindberg’s results (Lepik, 2001). Dynamic buckling has been investigated
in various materials ranging from glass and steel to paper and dry pasta (Gladden
et al., 2005). In addition, a 2007 study by Vermorel et. al sought to investigate
5the dynamic buckling instability observed on the recoil of a rubber band. Rubber
bands are interesting to analyze due to the large deformations that they are able to
withstand.
When a rubber filament is stretched and suddenly released, an axial stress front
propagates along the rubber band travelling towards a stretched area leaving the
material behind it “relaxed” (Mason, 1963). If a rubber band is clamped at one end,
the axial wave will rebound and a compression wave will propagate backwards. If the
length of the compressed area is larger than the Euler critical length, the rubber band
will dynamically buckle. The Vermorel et. al. study shows that the most amplified
buckling wavelength is independent of material elasticity and depends only on the
thickness and initial stretch. Finally, the velocity of the stress-free region is shown to
be related to the fraction speed of sound in the material based on the initial stretch
(Vermorel et al., 2006).
Most of the research on dynamic buckling whether in brittle rods rods or rubber
bands inolved a fixed end towards which an axial stress wave was travelling. However,
dynamic buckling has not been studied on objects whose “fixed” end is allowed to
move in the same direction as the axial wave propagation. Our work expands on the
Vermorel et. al. rubber band recoil by removing the clamped end allowing the front
of the rubber band to move, in a similar manner to “shooting” a rubber band.
As the axial wave propagates towards the front end of the rubber band, that end
is allowed to move in that direction. Thus, we expect the velocity of the free-end
to be different once the axial wave has reached the front as the compression that
dictates it will not be the same. Our work essentially seeks to investigate the impact
of dynamic buckling on the trajectory of the rubber band if there is any at all, and
answer the question: Which side of the rubber band hits a set target first?
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Constitutive Modelling
2.1 Characterizing Rubber Band
In order to model the dynamic buckling and velocities of the rubber bands, we first
determine their geometric and material properties. While the geometric properties
are fairly simple to measure, material properties such as the Elastic Modulus are more
complicated due to the non-linear relationship of rubber with respect to stress and
strain. Moreover, the relationships obtained by Vermorel et. al. for the speed of the
rubber band depend on the speed of sound in the material and therefore density is
also computed.
Figure 2·1: Cartoon diagram of a rubber band. Geometric properties
of radius based on length, r = L/pi, width b and thickness h. Material
properties of density, ρ and elastic modulus E.
The length is measured using a ruler while the width and thickness using a digital
caliper. The density is calculated after measuring the mass on a digital scale with
relatively high resolution (Satorius AY-612). Thus the speed of sound, c =
√
E/ρ
is computed after calculating the elastic modulus which depends on the relation-
7ship between stress and strain. For relatively small amounts of strain, typically less
than 50%, the relationship between the stress and strain of a rubber band is linear.
However, for larger amount of strains that relationship becomes non-linear.
2.2 Stress-Strain Relationship
2.2.1 Contiuum Approach
The First Piola-Kirchoff (nominal) stress tensor, P is defined as the force in the
deformed configuration per unit area in the reference configuration while the Cauchy
(true) stress tensor σ is defined as the force in the deformed configuration per unit area
in the deformed configuration. The nominal stress is used in the relationship between
stress and strain as it is simpler to compute the area in the reference configuration
rather than the deformed configuration.
The relationship between the true stress and nominal stress given through Nan-
son’s formula relating areas in spatial and material coordinates ds = JF−TdS where
the deformation gradient tensor F is a measure of deformation, and J is the volume
ratio and determinant of F. The relationship is then given by
σ = J−1PFT (2.1)
Given a stretch ratio λi as the stretch in each unit normal direction F can be
written as:
F =
λ1 0 00 λ2 0
0 0 λ3
 (2.2)
We assume the rubber band to be incompressible, and the volume ratio J = det F
has to be one or, λ1λ2λ3 = 1. In an effort to determine a constitutive relation between
stress and strain, a Neo-Hookean solid model is used. This implies that we treat the
8rubber band to be hyperelastic and isotropic (Holzapfel, 2000). The Neo-Hookean
model for solids is derived by expressing the strain energy density function W by the
first invariant of the right Cauchy-Green deformation tensor C.
W =
1
2
G(I1 − 3) (2.3)
where G is the shear modulus and I1 is the first invariant.
For a Neo-Hookean solid, the true stress is related to the strain energy by
σ = −pI+ 2∂W
∂I1
B (2.4)
where, p is a Lagrange multiplier and B the left Cauchy-Green deformation tensor
given by:
B = FFT =
λ21 0 00 λ22 0
0 0 λ23
 (2.5)
Combining Eqs. 2.3, 2.4 and 2.5, the true stress can be written as:
σ = −pI+GB (2.6)
Furthermore, if we assume uniaxial tension applied to the rubber band the stretch
ratios of width and thickness can be expressed in terms of the stretch ratio of length.
Thus, λ1 = λ = ε0 + 1 (where ε0 = ∆L/L and λ2 = λ3 = 1/
√
λ while the stresses in
those directions will be σ22 = σ33 = 0.
Substituting Eqs. 2.2 & 2.5 into Eq. 2.6 and rearranging the principal stress is
expressed as:
σ11 = G
(
λ2 − 1
λ
)
(2.7)
or solving for the nominal stress:
9P = G
(
λ− 1
λ2
)
(2.8)
Another constitutive relation for stress and strain is the Mooney-Rivlin model.
Under the same assumptions of incompressible, isotropic and hyperelastic material
and uniaxial stretching. It differs from the Neo-Hookean model as it uses the first
and second invariants of the right Cauchy-Green deformation tensor C to express
the strain energy density function. The relationship is given by two material fitting
parameters c1 and c2.
W =
c1
2
(I1 − 3) + c2
2
(I2 − 3) (2.9)
where I2 is the second invariant of the right Cauchy-Green deformation tensor.
The true stress in terms of the strain energy density function is then given by:
σ = −pI+ 2
(
∂W
∂I1
+ I1
∂W
∂I2
)
B− 2∂W
∂I2
B2 (2.10)
Combining Eqs. 2.9 and 2.10, the true stress for the Mooney-Rivlin model is given
by:
σ = −pI+ c1B− c2B−1 (2.11)
While the Neo-Hookean model used the shear modulus as the only fitting pa-
rameter, the Mooney-Rivlin model uses two fitting material parameters, c1 and c2
to improve the accuracy between stress and strain. Each parameter was used for
expressing the strain energy density function to the respective invariant. The shear
modulus is expressed as G = c1− c2. Note that for c2 = 0 the Mooney-Rivlin relation
reduces to the Neo-Hookean relation. Using the same assumption of uniaxial tension
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and giving B by 2.5 the true stress is found to be:
σ11 =
(
c1 +
c2
λ
)(
λ2 − 1
λ
)
(2.12)
or solving for the nominal stress:
P =
(
c1 +
c2
λ
)(
λ− 1
λ2
)
(2.13)
2.2.2 Experimental Stress-Strain
Seven rubber bands varying in geometries are incrementally stretched up to approxi-
mately twice their initial length. The types that are tested are regular Caliper Rubber
Bands and Grifiti Bands (food grade silicone). The load applied at each stretch is
measured with a AWS SR-5 Digital Hanging Scale. The corresponding nominal stress
is computed by dividing the force with the initial cross sectional area. The nominal
stress is then computed using the experimentally measured value of the force.
The stretch ratio and respective nominal stress provide the shear modulus of each
rubber band for each measurement using 2.8. The final value of shear modulus for
each rubber band is computed by taking the average. The elastic modulus is then
computed using the relationship E = 2G(1 + ν). Assuming the Poisson’s ration ν
of rubber to be 0.5, which is a reasonable assumption, the elastic modulus can be
expressed as E = 3G.
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Table 2.1: List of geometric and material properties of each rubber
band that is tested.
The rubber bands are chosen in such a way so that there is a large variation in
geometry which allows testing extreme cases. Table 2.1 shows the geometric and
materials properties measured for each rubber band that is tested. The geometric
properties are the length, width and thickness measured that allow the computation
of the moment of inertia while the material properties are the measured density and
elastic modulus that enable the computation of the celerity through c0 =
√
E/ρ.
This is the speed of sound in the material when unstretched.
There is large variation in the length and width of the rubber band while the
thickness is almost the same. The material properties measured do not have a larger
variation and are relatively close in value to those reported by Vermorel et. al.
12
Fig. 2·2 shows the plot of nominal stress at each strain for the five different rubber
bands. While the relationship at small strains is linear it becomes non-linear at larger
values of strain as expected.
Figure 2·2: Nominal stress P against strain for five different rubber
bands characterized by their width to thickness ratio.
The Neo-Hookean model is shown Fig. 2·3 which shows the dimensional nominal
stress against strain. The nominal stress calculated for each rubber band is scaled by
the computed shear modulus. Even though not perfectly accurate at larger strains,
the Neo-Hookean model is in fair agreement with the experimental data. Apart from
the data points of the rubber band in the first column of Tab. 2.1 the error bars
are reasonable suggesting the Neo-Hookean model to be accurate up to strains of
approximately 0.7. Note that the uncertainty analysis can be found in Appendix A.1.
The Mooney-Rivlin model is applied by normalizing the nominal stress with the
13
Figure 2·3: Nominal stress p normalized by the shear modulus against
strain. Symbols represent data obtained for different rubber bands
while solid line is a plot of the theoretical Neo-Hookean relationship.
material factor c1 + c2/λ obtained from from Eq. 2.11. Fig. 2·4 displays the compar-
ison between the theoretical Mooney-Rivlin relationship and the experimental data.
Compared to the Neo-Hookean model it is much more accurate even at larger strains.
However, this is not surprising considering the fact that it uses two fitting parame-
ters, c1 and c2 compared to just the shear modulus G. Due to the complexity that
the extra fitting parameter brings to describe the non-linear constitutive relation be-
tween stress and strain the Neo-Hookean solid approximation is used throughout this
analysis. Note that error bars are not plotted in 2·4 as all the data collapse to the
theoretical curve and error bars would add more insight.
14
Figure 2·4: Nominal stress p normalized by by the Mooney-Rivlin
material factor c1 + c2/λ against the strain. Symbols represent data
obtained for different rubber bands while solid line is a plot of the
theoretical Mooney-Rivlin relationship.
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Chapter 3
Unconstrained Dynamic Buckling
3.1 Experimental Setup
Chapter 1 characterizes the geometric and material properties of rubber bands. In
this chapter the dynamic buckling of unconstrained elastics is discussed. Dynamic
buckling is tested on straight, cut rubber bands similar to the work of Vermorel as
well as round rubber bands (possess an initial curvature). Both rubber bands have
a rectangular cross section. For straight rubber bands a small pin with small weight
compared to the rubber band, is pinned through the front and placed between two
holders in order to allow it to move. For the round rubber bands, the front is looped
around the edge of a long, stiff ruler. The ruler allows the front and back of the rubber
band to be fairly aligned as well as assist in determining the amount of stretch of the
rubber band before it is released. However, a small moment is applied to the rubber
band based on the width that affects the flight after it has left the ruler.
The rubber specimens are stretched in increments up to more than twice the
original length, and the corresponding flights are captured using a Photron Fastcam
SA-X2 high speed camera at 12,500 frames per second and a shutter speed of ap-
proximately 0.08 ms. A cartoon schematic for both experiments is shown in Fig.
3·1.
The videos are recorded from side view as to record the buckling developing with
time. The setup is lit from behind using a halogen light bulb through a diffusing
screen. The rubber band is marked with evenly spaced lines in order to determine
16
Figure 3·1: Schematic of experimental setup showing the orientation
of the rubber band to the camera (not drawn to scale).
the motion of material points. This motion is observed with front lighting using LED
light bulbs.
3.1.1 Image Processing
The recorded images from the high speed camera are evaluated on a image processing
script written in MathWork’s Matlab. The script reads the images and using the
image processing capabilities from Matlab the buckling wavelength is measured. The
full Matlab custom image processing script can be in found in Appendix A.2.
Figure 3·2 shows a series of images of the stress wave propagating across a straight
rubber band. In parts (i)-(v) the arrows indicate the moving stress wave along the
rubber band separating into a stressed and relaxed area. The wave reaches the end
and reflects compressing the region it leaves behind. As soon as the reflected wave
has reached a critical length it causes the rubber band to buckle. The front is buckled
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first and as the wave move towards the back more buckling wavelengths are developed
(3·2 (vi)-(x)).
Only the first buckling wave shown in (3·2 (vii)) is measured and analyzed as the
dynamics of the following waves are more complex. The first half wavelength that is
analyzed is the one developed just before the rubber band begins to move.
Figure 3·2: Series of images of a straight rubber band. (i)-(v): Axial
wave propagating towards the front, separating the rubber band into
a stressed and relaxed area. Time difference between each frame is
0.7 ms. (vi)-(x) Stress wave reflected compressing the incoming rubber
band causing it to buckle. Time difference between each frame not
constant.
For the case of the round rubber band the buckling behavior is very similar to
the straight one at early stages. The stress wave travels towards the front and then
reflects compressing the front and causing it buckle (Fig. 3·3 (i)-(iii)). However, due
to its round geometry, the rubber band unfolds and tries to return to its original
18
Figure 3·3: Series of images of a round rubber band stretching 35% of
its initial length. (i)-(ii): Stress wave propagating trough rubber band.
(iii) First compression causing the front to buckle with wavelength `
just before it starts moving. (iv)-(vi) Development of larger buckling
modes that deteriorate with time. Time difference between each frame
not constant
round shape. Thus, smaller buckle wavelengths are developed simultaneously along
the length which reduce in a very small amount of time as the rubber band tends to
return to its original curvature. The back of the rubber band unfolds first as it moves
towards the front and its shape over time is very similar to that of a rolling ribbon
studied by (Raux et al., 2010). Buckling occurs as a balance between stretching,
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inertia and bending forces.
Figure 3·4: Series of images of a round rubber band with length
0.26 cm and a strain of approximately 50%. (i)-(iii) dynamic buckling
occurs uniformly. (iv)-(vi) Buckling dominates the restoration to the
initial round shape as the front does not leave the ruler immediately.
At larger strains the shape of the rubber band becomes more unstable and the
exact buckling wavelength is not uniformly unfolding to the original round shape.
Another series of images indicating the development of buckling is shown in 3·4 in
which the rubber band is much smaller but stretched to approximately 50% its initial
length. While at early times the buckling at the front occurs in a similar manner,
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the compressed rubber band at which the buckling has developed begins to move
before the front as shown in 3·4 (v). As the front follows, the initial round shape is
not reached as the front tends to move in a straight line rather than a curved one.
Therefore, in round rubber bands, at larger strains stretching and inertia seem to
dominate the bending curvature. The wavelength in those cases is measured when
buckling initially occurs and a full sinusoidal type wavelength at the front is onserved
similar to the one shown in 3·4 (ii)-(iii).
3.2 Wavelength Modelling
The wavelength is computed in a similar manner to both (Vermorel et al., 2006) and
(Lindberg, 2003) using the dynamic buckling equation for lateral displacement ξ(x, t)
for an elastic beam under the influence of an axial force F (x, t).
ρA
∂2ξ
∂t2
+
∂
∂x
[
F (x, t)
∂ξ
∂x
]
+ EI
∂4ξ
∂x4
= 0 (3.1)
The first term represents inertia through the linear density ρA, the second term
represents the applied force F (x, t) and the third term represents bending through
the bending stiffness EI. The force is assumed to be the initial stretch force F0 which
is using the Neo-Hookean model from Chapter 2.
We introduce the non-dimensional terms terms x˜ = x/`, where ` is a characteristic
length scale and t˜ = t/τ where τ is the associated characteristic time scale. Thus the
buckling equation becomes:
ρA
τ 2
∂2ξ
∂t˜2
+
F0
`2
∂2ξ
∂x˜2
+
EI
`4
∂4ξ
∂x˜4
= 0 (3.2)
Dividing by the inertial term,
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∂2ξ
∂t˜2
+
F0τ
2
ρA`2
∂2ξ
∂x˜2
+
EIτ 2
ρA`4
∂4ξ
∂x˜4
= 0 (3.3)
The non-dimensional factor of the second term is a balance between stretching
forces and inertial forces while the non-dimensional factor of the third term is a
balance between bending forces and inertial forces. For buckling we assume that
stretching is comparable to inertial, i.e. of order one and thus the characteristic time
can be expressed,
τ ∼
(
ρA`2
F0
)1/2
(3.4)
Based on this assumption, the buckling equation can be further re-arranged as,
∂2ξ
∂t˜2
+
∂2ξ
∂x˜2
+
EI
F0`2
∂4ξ
∂x˜4
= 0 (3.5)
The non-dimensional factor of the third term is now a balance between bending
and stretching. We assume this to be also of order one, and thus the wavelength
should scale as,
` ∼
√
EI
F0
(3.6)
Note that the term of the left hand side can also be considered in terms of the
marginal wavenumber k2c = F0/EI which would be found in the solution ξ(x, t) of
the dynamic buckling equation. The force F0 is expressed by the Neo-Hookean model
using Eq. 2.8,
F0 =
Ebh
3
(
λ− 1
λ2
)
(3.7)
Using I = bh3/12 the most amplified wavelength reduces to,
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` ∼ h
√
λ2
λ3 − 1 (3.8)
The initial wavelength scaling shows a dependency on material and geometry
properties as well as stretching. However, while the axial force depends on both
material properties, geometry and the Neo-Hookean stretch factor, the wavelength
depends only on the thickness and that stretch factor. This result is similar to the
one found by Vermorel and Lindberg. The difference between their model and the
one shown in 3.8 is the effect of strain which depends on the stress-strain relationship
used for the rubber bands.
Their model uses a Hookean approximation of the stress-strain relation, and they
find the wavelength scaling as ` ∼ h√λ/(λ− 1). As Vermorel points out their ap-
proximation is valid for small strains but not for larger strains, typically larger than
60% the initial length, thus we expect the Neo-Hookean model to better account for
the wavelength at larger strains.
3.3 Wavelength Experimental Results
3.3.1 Thickness Dependence
Based on the scaling of Eq. 3.8, the wavelength of three straight rubber bands is
measured. We test the hypothesis of wavelength depending on thickness by testing
two rubber bands of the same thickness but different length, and another rubber band
with smaller thickness. The results are shown in Fig. 3·5 where the wavelength is
plotted against the stretch ratio.
The first observation from Fig. 3·5 is that the wavelength decreases with increasing
stretch as expected from both our model and Vermorel’s. Moreover, the rubber
band with smaller thickness than the other two has a smaller wavelength at the
approximately same stretch ratio which also confirms wavelength relationship. On
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Figure 3·5: Wavelength ` against the stretch ratio λ for 3 cut rubber
bands with varying length and thickness.
the other hand, while we expect the rubber bands with the same thickness to have a
similar wavelength, the results are not exactly the same although relatively close.
Note that the lower thickness rubber band is stretched to larger strains due to
its flexibility compared to the other two whose larger bending stiffness did not allow
larger stretch ratios. Error bars are not shown in any of the wavelength plots due to
their small value compared to the value of the wavelength itself.
We proceed with the same analysis for the case of round rubber bands. Despite
their curved geometry we observe that the wavelength also decreases with increasing
stretch as indicated by Fig. 3·6. Moreover, the rubber bands tested have very similar
thicknesses, an their wavelength seem to be very close in value at same values of
strain. We therefore verify that the wavelength depends only on the thickness when
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Figure 3·6: Experimental wavelength ` against the initial stretch ratio
λ for 4 round rubber bands with varying length and width but similar
thickness.
testing the geometry of a rubber band.
3.3.2 Stretch Ratio Dependence
In an attempt to determine the effect of the stretch ratio on the wavelength, Figs. 3·7
and 3·8 show non-dimensional plots of the wavelengths of straight and round rubber
bands respectively scaled by the thickness. These ratios are plotted against the term
λ2/(λ3 − 1) from Eq. 3.8.
For the straight rubber bands the results are in fair agreement with the prediction
of wavelength being proportional to the square root of λ2/(λ3 − 1). For the round
rubber bands the experimental data are consistent with theory at larger strains, i.e.
at lower values of λ2/(λ3 − 1), but somewhat deviate from the theoretical line at
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Figure 3·7: Wavelength scaled by the thickness of the straight rubber
bands against the inverse Neo-Hookean factor of stretch ratio. The
straight line stands for the theoretical scaling of equation (3.8).
lower strains. This could be accounted from the fact that at lower strains bending
curvature dominates the stretching force and the scaling might not be exactly as
assumed. As was pointed out in Figs. 3·3 and 3·4 at larger strains the front of the
rubber band unfolds much slower compared to the back of the rubber band indicating
the dominance of buckling.
We fit the experimental data to determine the power and slope coefficient as,
`
h
= α
(
λ2
λ3 − 1
)β
(3.9)
The fitting parameters of the experimental data are tabulated on Tab. 3.1 and 3.2
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Figure 3·8: Wavelength scaled by the thickness of the round rubber
bands against the inverse Neo-Hookean factor of stretch ratio. The
straight line stands for the theoretical scaling of equation (3.8).
for the straight and round respectively. There is a large error for the straight bands
relative to the actual value of the power β, however the value of interest β = 0.5 is
within the error bounds for all three cases. There is a small variation in the slope
parameter α for different thicknesses and the error bounds are very small compared
to the actual value.
The slope coefficient α is similar for all the round rubber bands with small error.
However, the slope itself is approximately half the value found for the case of straight
rubber bands. On the other hand, the power β is close to the predicted value, although
not as accurate as with the case of straight rubber bands. This again could be
explained by the fact that at lower strains the bending stiffness of the rubber band
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Table 3.1: Fitting parameters of experimental data to equation 3.8.
Table 3.2: Fitting parameters of experimental data to equation 3.8
for round rubber bands.
dominates the stretching and inertial forces.
3.3.3 Comparison with Existing Theory
The fitting parameters for straight and round rubber bands confirm the hypothesis
of the wavelength scaling with the thickness of the rubber band only and square
root of the Neo-Hookean stretch ratio factor. However the ratio of their respective
fitting slopes α is approximately 2. The study by Vermorel proceeded in a different
way to calculate the wavelength by first solving the dynamic buckling equation as
ξ(x, t) = ξ0 exp(ikx− iωt). Using this analysis and plugging the assumed solutions in
the buckling equation,
ρA(−iω)2 − F0(ik)2 + EI(ik)4 = 0 (3.10)
Solving for the frequency ω,
28
ω2 =
EI
ρA
k2
(
k2 − F0
EI
)
(3.11)
Using the most amplified wavenumber, i.e. the one that maximizes the frequency
ω, is km =
√
F0/2EI, and thus the most amplified wavelength is expressed as
`m =
2pi
km
= 2pi
√
2
√
EI
F0
(3.12)
Substituting the Neo-Hookean force relationship rather than the Hookean one as
Vermorel did, the following relationship would have been obtained,
`m = pih
√
2
√
λ2
λ3 − 1 (3.13)
Comparing the slope found in 3.13 with the fitting parameters in Tabs. 3.1 and
3.2 we find that there is some agreement with just one case. The slope pi
√
2 ≈ 4.4 is
relatively close to the value found for the round rubber bands but approximately 4
times less the value found for the straight rubber bands. While we would expect the
agreement to be with the latter, since Vermorel also used straight rubber bands, we
find the opposite.
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Chapter 4
Rubber Band Position
4.1 Introduction
Chapter 3 tested whether the Neo-Hookean model for the stress-strain relationship
was appropriate for predicting the buckling wavelength observed in rubber bands at
high tension. Testing the theoretical relationship for both round and straight rubber
bands with experimental data, a fair consistency is found. This motivates to proceed
and test whether the same approach can be used to determine the front and back
position of the rubber band after it is suddenly released. The main theme that is
analyzed in this chapter is the comparison of the front and back velocity of a round
rubber band released in a similar way one would “shoot” a rubber band.
The same setup is used as the on in Fig. 3·1 that was used to calculate the
wavelength, however the high speed camera position is adjusted in order to get a
larger range in distance after the front of the rubber band has started moving. For
the round rubber bands, the experimental setup with the ruler introduces the effect of
angle between the position of the front and the back. While this effect was negligible
for computing the wavelength, it has a larger effect at the velocity of the back for
much larger travelled distances. If one were to shoot a rubber band by looping it
around his thumb and stretching, that angle would have to be required for the back
not to stop at the thumb.
Since the front side of the rubber band is looped around the edge of the ruler it
incorporates a similar setup to shooting a rubber band with an initial angle. The
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width of the rubber band introduces a small angle that causes the front and back to
be at different heights. The angle decreases with increasing stretch as the hypotenuse
of virtual triangle produced becomes larger. Although the angle is very small it might
have a large effect on the dynamics of the front and back.
4.2 Initial Observations
Similar to the preceding chapter the round rubber bands characterized from Tab. 2.1
are released from various increasing strains and the corresponding positions of the
front and back of the rubber band are recorded using the same Matlab script. Fig.
4·1 shows the flight of a round rubber band released when stretch 45% its initial
length captured at 12,500 frames per second.
The front begins to move at approximately 2 ms once the stress wave has reached
it and the rubber band unfolds to the initial round shape after the effects of buckling.
The back reaches the front approximately 30 ms later and passes it by tumbling over
it. The positions of the front and the back over time are plotted in Fig. 4·2. The
velocity of both the back and the front are linear over time. However, after careful
examination there is a small transition at approximately 5 ms at the position of the
back which becomes less steep indicated by the dashed line. Moreover, at that time
the front has already started moving that thus the transition might occur from the
reflected stress reaching the back. Although the velocity of the back decreases, it still
is larger than the front velocity which therefore allows the back to catch up.
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Figure 4·1: Series of images of flight of rubber band shot at 12,500
frames per second. The rubber band has a length of 5.4 cm and is
stretched 2.4 cm. The time difference between each frame is not the
same
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Figure 4·2: Front and back position over time for the flight of the
rubber band shown in Fig. 4·1. Dashed line at t ≈ 5 ms indicates a
transition in velocity of the back.
We attempt to analyze the back velocity by first focusing at early times before the
transition occurs, i.e. just before the reflected wave has reached it. We expect the
velocity at that time interval to be similar to the case of having the front clamped.
Thus we could compare the velocity analysis of the relaxed region in the rubber band
developed by Vermorel.
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4.3 Early Back Velocity
4.3.1 Review of Vermorel Analysis
Vermorel proceeds to analyze the velocity of the back by recognizing the positions
the stress wave and back have moved at given times.
0
c V
(a)
0
c V
(b)
Figure 4·3: (a) Schematic of relaxed and stretched region in rubber
band when clamped as stress wave propagates through rubber band.
(b) Stress wave rebounding back. Courtesy of (Vermorel et al., 2006)
Given the initial strain as 0 = (L−L0)/L0, the stress wave moving with speed c
will start from the stretch length L and reach the rigid boundary at a time t = L/c.
When it reaches the boundary the entire rubber band is unstrained and its length
is equal to its unstretched length L0. Thus the ”relaxed” back will have moved a
distance equal to L − L0 = V t. Equating those two equations the back velocity is
computed as,
V =
(
0
0 + 1
)
c (4.1)
They proceed to plot the measured back speed scaled by the measured stress wave
(and not the speed of sound in the material) against 0/(0 + 1) = (λ− 1)/λ and get
a very good agreement even for larger strains, up to 0 ≈ 1 despite their Hookean
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approximation.
Our experimental setup did not allow accurate measurement for the wave speed
and therefore we test Eq. 4.1 by assuming that c = λc0 as was proposed by (Mason,
1963) for the speed of an undispersed finite wave in rubber. Note that c0 = (E/ρ0)
1/2.
Therefore, the speed is expressed as,
V =
(
λ− 1
λ
)
λc0 = (λ− 1)c0 (4.2)
Our experimental values for the back velocity at early times based on this scaling
are shown in Fig. 4·4. The data are not in agreement with Eq. 4.2 as at larger values
of strain the velocity is less than expected. This probably makes the assumption of
the celerity c = λc0 not very accurate.
4.3.2 Momentum Approach
Another way to describe the back velocity is to take a momentum approach. If we
consider the rubber band as a series of small masses connected with springs, as the
rubber band is released every single infinitesimal mass will be balanced in terms of
the forces acting on it apart from the mass in the end, i.e. the back. The force acting
on it will be the tensile load. Using Newtons second law,
d(mV )
dt
= F0 (4.3)
The mass can be secribed as m = ρbshsx, where bs is the stretched width, hs is
the stretched thickness and x the position at which the back is moving. Thus,
ρbswsV
dx
dt
= F0 (4.4)
Note that dx/dt = V . Moreover, the stretched width and thickness can be ex-
pressed in terms of the unstretched values using the stretch ratio, b =
√
λbs and
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Figure 4·4: Back speed at before stress wave reaches the front, scaled
by the speed of sound in the material against the initial strain. The
solid line represents Eq. 4.2
h =
√
λhs. Rearranging, and solving for the speed,
V =
√
F0λ
ρbh
(4.5)
Using the Neo-Hookean relationship for the force and the relationship for the
speed of sound in the material the final version of the back speed is written as,
V = c0
√
λ3 − 1
3λ
(4.6)
We plot our experimental data in Fig. 4·5 to test our theoretical formula. The
solid line stands for the theoretical formula of Eq. 4.6. The experimental values are
fitted in the same manner as was done for the wavelength. The power β expected is
36
less than what the data shows which comes out to be approximately 0.7. This model
predicts the speed at impact since it relates the momentum to the tensile force at
that time. However, after the release the stretch ratio at each points in the rubber
band is not the same which is assumed in this model and thus the experimental data
do not agree.
Figure 4·5: Back speed before stress wave reaches the front, scaled
by the speed of sound in the material against λ3 − 1/λ. The solid line
represent the theoretical formula from Eq. 4.6.
4.3.3 Wave Propagation Approach
The back velocity could also be analyzed using an approach involving the finite wave
propagation in rubber as was done by (Mason, 1963). Mason analyzes the propagation
of the wave in rubber by formulating what the wave speed and the material following
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the wave using conservation of momentum and energy. While his work does not focus
on rubber bands, the same concept applies in our case where the back trails the wave.
Of interest is the speed of the material the wave leaves behind, i.e. the relaxed region
of the rubber band. That speed is given by:
V =
λ∫
1
√
1
m0
(
dF
dλ
)
dλ (4.7)
where m0 stands for the mass per unit length. This expression can be used by
substituting the Neo-Hookean relationship for the force and writing the mass per unit
length in terms of the density and geometry.
V =
√
E
3ρ0
λ∫
1
√
1 + 2λ−3dλ (4.8)
The integral is quite challenging to compute because of the square root present
in the integrand. Therefore, a Taylor series is used for the integrand to simplify the
computation. Since Taylor series need to be taken about specific points, we compute
the series about different points from the range 1 < λ < 2 up to three terms and then
compute the integrals.
For a Taylor Series about the point λ = 1 the velocity is given by:
V =
c0
2
(λ− 1)(λ2 − 3λ+ 4) (4.9)
Although the relationship is relatively simple, we expect it would not accurately
describe the speed at larger stretch ratios. The following equations are obtained by
taking the Taylor series about λ = 1.25, 1.5, 1.75, 2 which are values that would more
accurately express the speed given the range of the stretch ratios in the experiments.
λ = 1.25
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V =
c0√
3
(0.37λ3 − 1.83λ2 + 4.25λ− 2.8) (4.10)
λ = 1.5
V =
c0√
3
(0.18λ3 − λ2 + 3.18λ− 2.3) (4.11)
λ = 1.75
V =
c0√
3
(0.09λ3 − 0.6λ2 + 3.51λ− 2) (4.12)
λ = 2
V =
c0
960
√
15
(111λ3 − 846λ2 + 4092λ− 3357) (4.13)
The back speed scaled by the speed of sound in the material against the stretch
ratio is plotted on Fig. 4·6. The lines plotted are the functional forms of Eqs. 4.9 -
4.13 obtained from the different Taylor expansions.
The Taylor expansion about λ = 1 is accurate only at small stretch ratios. On
the other side, the one about λ = 2 fits one set of data points very well but not the
other ones. The expansions about λ = 1.5 and λ = 1.75 are the ones that describe
all experimental data sets the best. For the range of interest with respect to our
experimental stretch ratios 1 < λ < 2.5, both curves are almost identical. Therefore
we chose the one for λ = 1.75 as it incorporates all experimental data sets slightly
better. The plot of the scaled speed against the respective polynomial for this Taylor
expansion is shown in Fig. 4·7.
The theoretical curve fits the three types of rubber bands very well despite the
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Figure 4·6: Back speed scaled by the celerity against the stretch ratio.
Each line represents the functional form that is obtained by taking the
Taylor expansion at each different stretch ratio
few outliers. Although the two types below the curve, whose width is smaller than
the other ones, are fitted as good, this model of the back speed at early times is
considered better than the previous cases that are analyzed. This is an important
result as it builds the framework of characterizing the velocity of the back of the
rubber band when shot. Using this result the speed of the rubber band throughout
the entire trajectory can be determined.
4.4 Motion in Material Frame
The speed of the back of the rubber band has to be larger when shooting a rubber
band in order for it to pass the front and hit a target first. At the time interval before
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Figure 4·7: Back speed scaled by celerity against the polynomial of
the stretch ratio for the Taylor series about λ = 1.75. The solid line
represents the theoretical curve obtained from 4.12
the front has started moving the speed of the back is larger than the proceeding time
interval. This occurs probably due to the reflected stress wave reaching the back
and slowing it down. However, the speed of the front once it starts moving remains
always smaller than the speed of the back. It is of interest to determine the speeds
of the intermediate points and compare them with the extremes of front and back.
Fig. 4·8 shows the motion of a straight elastic when stretched and then released. The
black vertical strips are marked to indicate the motion of the material points along
the elastic during its motion.
The stress wave reaches the front and reflects compressing the incoming material.
The compression triggers a buckling instability slowing down the longitudinal speed
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of each material point. The position of each of the material points is experimentally
measured using high-speed photography and plotted in Fig. 4·9.
Figure 4·8: Series of images showing the propagation of the stress
wave every 0.4 ms. Arrows indicate how the wave separates the rubber
band into a relaxed and stretched region. White line indicate how the
length of the strip is changing over time in the material frame
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Figure 4·9: Position of each material point along the rubber band
over time. The first dotted line with the positive slope represents the
wave starting from the back and reaching the front. The second dotted
line represents the reflected wave reaching the back.
As the wave passes through each material point it causes them to move. The
position of the wave can be seen by the dotted line which passes through the position
of each material point at the times each of them starts to move. Each point before
the wave impact the front has the same speed which is expected as they all are stress-
free. The wave reaches the front and reflects causing each material point to buckle
and consequently slowing them down. The decrease of speed could be accounted for
buckling where the energy goes into moving each material point in the transverse
direction. However, it is interesting to note that after the reflection all points have
very similar speeds and the rubber band could almost be considered moving as a rigid
body.
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4.5 Numerical Approach
The material points along the straight elastic are also computed numerically. A very
simple Matlab script is developed which assumes the rubber band to be a series of
masses connected by springs. The script can be found in Appendix A.3. Imposing
the appropriate boundary conditions, the front able to move only forward and the
appropriate forces based on the Neo-Hookean model, the script uses the build-in
function ode113 to numerically solve the positions of each material point.
We take our experimental data from Fig. 4·9 an plot the numerical results along
it. The plot is shown in Fig. 4·10. The numerical results match our experimental
data nicely at the time interval where the wave is propagating along the rubber band.
The speeds predicted by the code match the ones found in experiments. In addition,
the code is able to accurate show the wave propagation in terms of the times that
each material point begins to move. On the other hand, the wave reflection is not
accurately predicted by the code. This occurs from the fact that we are assuming only
small perturbations in the longitudinal direction based on the assumption of infinite
masses and springs. Thus, the code does not account for buckling but only small
temporary oscillations in longitudinal direction rather than the lateral. However, the
key point in this simulation as well as the experimental results is that the speeds of
the front and back after the impact are approximately the same which is important
to consider for the computation of the speeds when shooting a rubber band.
4.6 Rubber Band Trajectory
We perform the same experiment of Fig. 4·8 but this case with a round elastic.
Instead of using the ruler, the rubber band is looped around a pin held between two
posts. This is done in attempt to determine what the front and back speeds are after
the wave propagation in the absence of angular momentum. The series of images for
44
Figure 4·10: Position of each material point along the rubber band
over time based on experimental findings (circles) and numerical pre-
dictions (solid lines).
the round elastic is shown in Fig.4·11.
The front and back positions over time are plotted in Fig. 4·12. The back begins
to move at a fast speed with a speed predicted by Eq. 4.12. Just a small time after
the front begins the back slows down and its speed in the proceeding time seems very
similar to the speed of the front. We measure the speeds before and after the impact.
The back begins to move with a speed of 18 m/s. After the reflected wave reaches
it around 4 ms its speed drops to 14 m/s while the front moves with a speed of 12
m/s. However, the pin keeps moving with the rubber band and as it collides with it
it affects the motion. Focusing on the position of the front just milliseconds after it
begins to move (before the pin has a chance to interfere with the data) the speed of
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Figure 4·11: Series of images of round rubber band shot without
initial angle.
the front is 13 ms/ which is much close to the value of the back observed at those
times.
This allows us to assume the same characteristic velocity for the front and the
back. This velocity is chose from the Taylor expansion about λ = 1.75 given by 4.12.
The positions of front and back position for a round rubber band (L = 5.4 cm, b = 0.3
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Figure 4·12: Position of the front and back of the rubber band shown
in Fig. 4·11 over time.
cm, h = 0.1 cm) stretched at different lengths is shown in Fig. 4·12.
The position of both front and back at the lowest strain (λ = 1.36) is much
smaller than the other cases. This phenomenon was also found in other rubber bands
stretched at low strains. An explanation for this deviation could be that at lower
strain there is balance between stretching and the tendency of the rubber band to
get its initial curvature. The force driving it is not large enough that gravity pulls it
down.
We test our velocities for the full trajectory of the rubber band shot from the setup
with the the ruler.We first introduce the characteristic length scale as the stretched
length of the rubber band L+∆L = λL.The characteristic time is given characteristic
length over the characteristic velocity given by 4.12. Thus the characteristic time is
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Figure 4·13: Front position over time for different strains. The time
interval reflects the entire trajectory of the rubber band.
expressed as
τ ∼ λL
c0(0.05λ3 − 0.3λ2 + 2λ− 1.2 (4.14)
Scaling the front and back positions by the characteristic length and the time by
Eq. 4.14 the plots are shown in Figs. 4·15 and 4·16. We find that our scaling for
the position of the front and back agrees well only at small time scales. The speed
used for the time scale of the front and back is not characterizing the full flight of the
rubber band well. The agreement is better for the front than the back. Thus, our
assumption of the front having the same speed of the back is verified to some extent.
On the other hand, the back positions at different stretches do not collapse perfectly
due to the effect of angular momentum. The initial angle introduced by the ruler
gives a slight rise in the speed of the back due to an applied moment relative to the
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Figure 4·14: Back position over time for different strains.
front. Therefore, our characteristic velocity does not fully characterize the position
of the back of the rubber band when shooting it.
The effect of the angular speed on the full trajectory of the back is quite chal-
lenging to compute due to the different shapes that the back of the rubber band
obtains at different strains. For instance, at low stretching the rubber band unfolds
axisymmetrically and the back rotates about the front position. On the contrary, at
larger strains the buckling occurring is unstable and the as the back moves it rotates
about different points on the rubber band. The moment affects the trajectory of the
rubber band as the back rotates very differently at different strain
Fig. 4·17 show the plot of the distance at which the rubber band reaches the
front against the stretch ratio of three rubber bands with different geometries. Each
distance value is normalized by the corresponding stretched length. For the rubber
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Figure 4·15: Front position for different strains scaled by the respec-
tive stretched length over time normalized by the characteristic velocity
and length.
bands with small width the distance seems to be decreasing with increasing stretch.
This can be explained by the fact that the force on the back is so large that it has
a very large speed but also moment that causes it to bend much faster and thus
passing the back. Note that in those cases the rubber band is not rotating as a rigid
body. With increasing stretch, the back seems to be rotating about different points
throughout the flight. At lower strains the force is much smaller and the back’s
angular speed is not so large and thus the rubber band rotating more like a rigid
body.
On the other hand, the rubber band with the larger width seems to have the
distance increase with increasing stretching. Given similar elasticities, the moment of
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Figure 4·16: Back position for different strains scaled by the respec-
tive stretched length over time normalized by the characteristic velocity
and length .
inertia is much larger that its bending stiffness is larger. So even at smaller stretching,
the force is enough for the back to rotate and pass the front much earlier than the
other rubber band.
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Figure 4·17: Distance d at which the back reaches the front nor-
malized by the stretched length over the stretch ratio. Three different
rubber bands are plotted
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Chapter 5
Conclusions
This study investigates the dynamics when shooting rubber bands in an attempt to
determine which side hits a set target first. We generalizing the work done by Vermorel
et. al. from a Hookean to a Neo-Hookean model of the stress-strain relationship of
the rubber band. In addition, we remove the fixed end of the rubber band found
in the study of Vermorel, in order to match the constraints found when shooting
rubber bands. We find how dynamic buckling affects the motion of the rubber band
and model its trajectory by attempting to characterize the front and back positions
through their relationship to the stress wave speed.
Shooting straight and round elastics we find that once the stress wave reached the
front of the rubber band and reflects a transverse wave is observed. For the straight
elastics, the reflected wave starts from the front where the compression first occurs
and reaches the back can which be accounted as dynamic buckling. For round elastics
which mimic shooting rubber bands, the transverse wave does cause a buckle at the
front but the buckling modes along the rubber band appear instantaneously and thus
stretching and inertial forces are balanced by the curvature of the rubber band.
Using the dynamic buckling equation along with the Neo-Hookean expression for
the tensile force the first half wavelength and full wavelength is modelled for the
straight and round elastics respectively. Experimental data are in agreement with
theory that the wavelength scales as the thickness of the rubber band and the square
root of the Neo-Hookean stretch ratio factor λ3− 1/λ2. Buckling is also important to
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consider in shooting rubber bands as it compresses the front and delays for a short
amount of time from moving especially at larger strains.
We model our speeds for the back and front using the analysis of the wave propaga-
tion in rubber. The speed is proportional to the celerity scaled by a cubic polynomial
of the stretch ratio. Using a numerical code we predict that in the absence of an ap-
plied moment the front and back speeds should be the same and thus the back would
never reach the front. However, in the case of shooting rubber bands the initial angle
in the rubber band is necessary for not to hit ones thum or whatever other object is
used to hold the front. Although we are not able to quantitatively account for the
angular speed its effect is vital for the trajectory of the back relative to the front.
Future studies related to this topic would involve studying the effect of the applied
moment on the trajectory of the rubber band. This would enable a more accurate
prediction of which side of the rubber band hits a predetermined target first given a
particular stretch, geometrical and material properties. In addition, the curvature of
round rubber band would have to be taken into account in more detail as it dominated
the motion and wavelength at small stretching.
Although the motivation for this study relates back to experiences found in chil-
dren and seniors alike when shooting rubber bands, some of the main dynamics in-
volved in the release are important to consider. This study analyzes those phenomena
from a different perspective.
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Appendix A
Proof of xyz
A.1 Uncertainty Analysis
Each physical measurement involved errors influenced by the respective instrument
used. The uncertainties for each instrument included resolution and accuracy which
is obtained from the specification sheet of each instrument. Associating each variable
uncertainty to the respective instrument that was used to measuring it, the uncer-
tainty of computed variable is determined using error propagation. For any variable
u = f(x, y, x), where each x, y and z having their own uncertainty, the error propa-
gated in u is computed by:
Uu =
√(
∂u
∂x
Ux
)2
+
(
∂u
∂y
Uy
)2
+
(
∂u
∂z
Uz
)2
(A.1)
where Ui stands for the uncertainty of each variable.
Error Propagation
A.2 Image Processing
jpgFiles = dir('*.jpg'); %Find all JPEG Images
numfiles = length(jpgFiles); % Compute Number of Images
for i = 1:numfiles
[I, map] = imread(jpgFiles(i).name); % Load Each Image
imshow(I)
[x, y] = getpts; % Get points of front and back
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fr(i) = x(1); % Separate into front and back vectors
bk(i) = x(2);
end
A.3 Numerical Code
function [x1,t,g,tend,m0] = retracting elastic general
global x0
global s0
global n
global m0
global lambda1
tend = 2; %1./sqrt(2);
n = 41; %number of points
x0 = linspace(0,-1,n); % Undeformed configuration
s0 = diff(x0);
b = 1; %initial width
h = 1; %initial heigth
rhoA0 = 1; %initial density*cross-section area
m0 = rhoA0*abs([s0(1),s0]);
lambda1 = 2; %Initial stretch ratio
x1 = lambda1.*x0; %Initial geometry;
vx1 = zeros(1,n);
g1 = zeros(1,2*n);
g1(1:2:end) = x1;
g1(2:2:end) = vx1;
[t,g]=ode113(@dynamics,[0,tend],g1);
plot results(t,g,tend)
%----------------
function [dgdt] = dynamics(t,g)
global s0
global m0
dgdt = zeros(size(g));
x = g(1:2:end);
vx = g(2:2:end);
s = diff(x)';
lambda = s./s0;
G = 1; % Shear Modulus
Tss = -G*(lambda-lambda.ˆ(-2)); %Stress
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A = 1; %Area;
% Free boundary on front and back
fx m = [0,Tss.*A,0]; % times unit length w
fx ss = diff(fx m);
% Boundary on front
if x(1)<0.01
fx ss(1) = fx ss(2);
vx(1) = max(0,vx(1));
end
dgdt(1:2:end) = vx;
dgdt(2:2:end) = (1./m0).*(fx ss);
%----------------
function [] = plot results(t,g,tend)
global x0
global x1
global lambda1
global n
global m0
close all,
skip = 5;
X = g(:,1:2*skip:end);
VX = g(:,2:2*skip:end);
figure, plot(t,X)
xlabel('t/\tau')
ylabel('x/L')
dx = diff(X')';
ndx = dx./min(min(dx));
figure, plot(t,ndx)
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